of the phonon-glass electron-crystal and rattler concepts 8, 9 and, moreover, INS measurements demonstrate that phonon excitations are sharp for these materials and are certainly not glass like 10, 11 . The presence of a low-energy rattling mode can lead to an avoided crossing with acoustic phonons. Although such an avoided crossing is suggestive of the presence of a rattler, it is not proof, as is confirmed by the fact that it is observed on some occasions, but not others 11 . Particularly good thermoelectric properties have been observed for sodium cobaltate [12] [13] [14] [15] . Theoretical studies have considered the electronic contributions to ZT using density functional theory (DFT) and Boltzmann transport theory 16 , explaining the suppression of S in large magnetic fields 13 . The phonon dispersion for stoichiometric NaCoO 2 has been calculated using DFT (refs 17,18) and the results are broadly consistent with Raman [19] [20] [21] , infrared 22 and IXS (ref. 23 ) experiments. However, thermoelectric Na x CoO 2 contains multi-vacancy clusters that order to form longranged superstructures 7 ( Fig. 1a) and those calculations omit the low-energy rattling modes caused by the multi-vacancy clusters. Here we have included the multi-vacancy clusters in the calculation of the phonon dispersion and compared it with measurements of momentum-resolved IXS and INS spectra from single-crystal Na 0.8 CoO 2 with a well-defined superstructure. We are able to unambiguously identify an Einstein-like rattler mode at low energy and, as a result, to quantitatively account for the suppression of κ for this class of materials.
IXS measurements were performed on a single crystal of Na 0.8 CoO 2 of dimension a few hundred micrometres using the ID28 spectrometer at the European Synchrotron Radiation Facility. The sample was cooled to a temperature T = 200 K, where it was found to be predominantly in the square lattice tri-vacancy phase 7 . We also performed measurements at elevated temperature, at T = 320 K in the disordered stripe phase 24 , and at T = 400 K in the disordered phase. High-resolution INS measurements were performed on a larger crystal using the triple-axis spectrometer IN8 at the Institut Laue-Langevin, and phonon lifetimes were determined as a function of temperature in the square tri-vacancy phase. Figure 1 shows the X-ray intensity as a function of energy transfer with a fixed wavevector transfer, Q, at T = 200 K. The solid lines show the results of first-principles lattice dynamics calculations using the CASTEP code 25 , for the large-period square superstructure determined by X-ray diffraction and for a lattice of NaCoO 2 with no vacancies. The latter calculation used the primitive cell of space group P6 3 /mmc with CoO 2 layers of edge-sharing CoO 6 octahedra and two Wyckoff sites, 2b and 2d, available for Na, and we find consistency with previous calculations for this structure 17, 18 . It is clear that the calculated spectrum of the square phase differs markedly from that of the stoichiometric compound at energies below E ∼ 20 meV; in particular there is an additional narrow mode at E ∼ 13 meV in the superstructure that is completely absent in stoichiometric NaCoO 2 .
Scans of variable energy transfer were performed at a number of settings of Q along the high-symmetry directions → K → M from (111) and for → M from (100), and the fitted peak positions are shown in Fig. 2 as red hexagons. The calculated scattering intensity is shown as colour contour diagrams for the square superstructure and the ideal compound NaCoO 2 . The agreement between the ab initio calculations for the square superstructure and the experimental data is remarkable. The mode at E ∼ 13 meV is captured by the model, and a typical scan is shown in Fig. 1b . In contrast, the ideal vacancy-free compound has no modes below E ∼ 20 meV away from the zone centre.
It is possible to trace the mode at E ∼ 13 meV back to the zone centre, and the relative amplitudes of the ionic displacements are shown in Fig. 1a . The blue spheres in Fig. 1a are the Na 2d sites, and these are fully occupied in the stoichiometric compound. The red spheres are on the inequivalent Na 2b sites and, because they are associated with clusters of three vacancies, they are expected to be more loosely bound. The atomic displacement pattern is characterized by a predominant in-plane amplitude of vibration of the Na 2b site with only very minor or negligible contribution from other sites. Thus, we find that the Na 2b sites inside tri-vacancy clusters sandwiched between CoO 2 layers are rattler sites, and the mode at E ∼ 13 meV is a rattling mode.
The Na 2b ions also have large-amplitude vibrations in other modes (Fig. 3a) . The influence of the rattling mode on the rest of the dispersion can be investigated theoretically by replacing the Na 2b ions of atomic mass 23 with fictitious heavier ions of atomic mass 40. The calculated density of states for these two cases is shown in Fig. 3b . The largest differences between the two curves are found for energies below E ∼ 40 meV and, therefore, the rattling of the Na 2b ions in the tri-vacancy clusters is seen to affect mainly these low-energy modes. The density of states is also shown for NaCoO 2 , and it is clear that the transfer of density from sharp peaks above E ∼ 20 meV to a broad range at low energy will affect κ.
The atomic displacement parameters for Na are larger for Na 0.8 CoO 2 than for NaCoO 2 , confirming the larger amplitude of vibration in the superstructure (Supplementary Fig. S1 ). Frozen phonon calculations were performed for the rattler mode, and the potential energy is plotted as a function of displacement in Fig. 3c . The crystallographic asymmetry of the Na 2b site gives rise to a cubic term in energy and consequently a significant degree of anharmonicity. This contrasts with symmetric Ce guest rattler modes in skutterudites where the leading term is quartic and the anharmonicity smaller 8 . The energy of this mode is E ∼ 13 meV and, therefore, anharmonicity is expected to become important above T ∼ 150 K.
Measurements of κ using a Quantum Design physical property measurement system on a crystal of the same composition are presented in Fig. 4a . The magnitude of κ, in the region of a few watts per Kelvin-metre, is similar to the values reported for crystals of comparable composition 14, 15 . The temperature dependence indicates a contribution from phonon scattering.
To measure phonon linewidths at higher resolution, we have measured a region of the dispersion dominated by a single optical phonon at Q ∼ (1.01,1.01,1) and E ∼ 8 meV using a triple-axis neutron spectrometer. The energy line shape is resolution-limited below T ∼ 80 K, and above this temperature we fitted the data using a Lorentzian convolved with the instrumental resolution function. Figure 4b shows a typical energy scan and the phonon lifetimes, τ , related to the energy linewidths, ph , by τ ∼ h/ ph , as a function of temperature. These data are consistent with our measurements averaged over several modes at T ∼ 200 K using IXS. They are narrow in comparison with previous Raman 21 and IXS (ref. 23) measurements, presumably owing to the high crystalline quality of our sample. There is no evidence for the marked energy broadening expected for a phonon glass.
The lattice contribution to κ was estimated using the expression
where v jx is the group velocity along the thermal gradient, c j is the heat capacity of the jth phonon mode, and τ j is the phonon lifetime. The values of v jx and c j were determined using the calculated dispersions assuming Bose statistics, and the average value of τ at each temperature was obtained from Fig. 4b . The estimated value of κ L calculated using our model for the square superstructure agrees with the data within experimental uncertainty. The electronic contribution to κ estimated using the Wiedemann-Franz law from the electrical conductivity 15 is an order of magnitude lower. For comparison, we have estimated κ L at T ∼ 200 K for the stoichiometric compound, assuming (artificially) that τ is the same (blue circle in Fig. 4a) . The fact that this value is roughly six E) ) for Na rattlers of mass (m r ) 23 (red) and for test atoms of mass 40 AMU (black). Significant differences occur below E ∼ 40 meV suggesting that these low-energy modes are strongly affected by the rattling ions. The calculation for NaCoO 2 shows that density has been transferred from sharp peaks above E ∼ 20 meV towards lower-energy modes that contribute strongly to the thermal conductivity. c, Frozen phonon calculation for the rattling mode (black). The displacement is scaled to normal mode amplitude, which corresponds to a maximum in-plane displacement of the Na 2b site of 0.3 Å. The asymmetry of the potential energy as a function of displacement of the rattling ions clearly demonstrates the anharmonicity of this mode.
times higher clearly indicates that rattling modes are important in lowering κ, because they contribute significantly to the specific heat but have small propagation velocities. The marked increase in κ for the stoichiometric compound is borne out experimentally 15 , where there is an additional factor of two increase over our calculated value for NaCoO 2 . This could be attributed to weaker anharmonicity due to the absence of rattling modes, reduced electron-phonon scattering because it is an insulator, or fewer defects in a vacancy-free sample. However, it is clear that the changes to the dispersion from the rattling modes give the dominant contribution to the suppression of κ. Multi-vacancy clusters exist over a wide range of concentrations 26 and, therefore, it is highly likely that they are also responsible for rattling modes throughout the range of compositions relevant to thermoelectric applications 15 . A non-dispersive mode was also observed at a similar energy to our rattling mode in a previous IXS study of Na 0.7 CoO 2 focused on the softening of Co-related optical branches near the zone boundary and implications for the unconventional superconducting state 23 ( Supplementary Fig. S2 ). The squashing mode for CoO 6 octahedra from E ∼ 30-50 meV along → M seen in Fig. 2 is ideal for focusing on electronic  properties (Supplementary Fig. S3 ). The low-energy region of the spectrum containing rattling modes is not very sensitive to the hole concentration in the Co layers.
We have performed IXS measurements at T ∼ 320 K in the disordered stripe phase 24 and at T ∼ 400 K, where long-range ordering of the superstructure has disappeared. The absence of long-range order prevents ab initio calculations, but we are able to draw some qualitative conclusions. There is renormalization of the phonon dispersion to slightly lower energies and broadening of the energy linewidth by about 50%. It is not clear whether this is due to the increase in disorder, or simply the lattice expansion and additional phonon scattering. The rattling mode persists at high temperature despite the disorder due to the continued presence of multi-vacancy clusters (Supplementary Fig. S4 ). Thus, the rattling modes are still important at the elevated temperatures relevant to power recovery applications.
Combining experimental studies of phonon dispersions with DFT provides new insights into the factors that control thermal conductivity. In Na x CoO 2 the phonon scattering is mainly intrinsic, and a further challenge would be to calculate the contributions from anharmonicity and electron-phonon scattering to predict phonon lifetimes. These spectroscopic studies directly link first-principles calculations to the design of better thermoelectric materials.
Methods
Experiment. The IXS crystal of Na 0.8 CoO 2 was grown using the floating-zone technique at Royal Holloway. A single crystal of size 400×400×20 µm 3 was cleaved from the boule and studied using X-rays at the Mo K-edge at room temperature using an Agilent Xcalibur X-ray diffractometer, and large volumes of reciprocal space were surveyed with a CCD (charge-coupled device) detector. Roughly 80% of the sample was found to be in the so-called disordered stripe phase 22 . The sample was attached to a glass capillary with silicone grease, and a thin coating of the grease covered the sample to prevent reaction with the atmosphere.
The IXS studies were performed using the ID28 spectrometer at the European Synchrotron Radiation Facility in Grenoble. The sample was placed in a stream of nitrogen gas from a 700 series Oxford Cryostream temperature controller, and at each temperature, the superstructure was determined using a CCD detector. IXS measurements were performed at T = 200, 320 and 400 K, where the sample was found to be predominantly in the square 5 , disordered stripe 22 and disordered phases, respectively. The sample was aligned accurately using a point detector in two settings with (h0l) and (hhl) crystallographic planes horizontal. The lattice parameters were a = 2.844(2) and c = 10.803(7) for the P6 3 /mmc space group at T = 200 K, and the mosaic spread was about 0.5 • .
A resolution in energy transfer (full-width at half-maximum) of 3.0 meV was achieved using the Si(999) reflection for both the monochromator and analyser crystals in backscattering geometry with a Bragg angle of 89.98 • . The monochromator beam is focused by a toroidal mirror into a spot size of 250 × 90 µm 2 (horizontal × vertical) full-width at half-maximum at the sample position. Energy transfers in the range −20 to 90 meV were measured at fixed Q by varying the incident energy through the temperature variation of the monochromator crystal, and keeping the final energy fixed. The use of nine spherical analyser crystals allowed simultaneous measurements at multiple values of Q. One of the analysers was chosen to give Q along high-symmetry directions.
A larger fragment from the same boule of size 7 × 2 × 0.5 mm 3 , with the short direction parallel to the hexagonal c-direction, was measured in a Quantum Design physical property measurement system. Gold contacts were bonded to the sample using silver-loaded epoxy adhesive, and the in-plane κ was measured over the temperature range T ∼ 2-300 K.
A larger crystal for INS of size 35 × 10 × 3 mm 3 and of mosaic spread 3 • was screened using the neutron Laue diffractometer SXD at ISIS, and it was found to be a single grain and to adopt the square phase below T ∼ 280 K. It was sealed inside an aluminium can with a helium atmosphere, and mounted in a cryostat with the (hhl) plane horizontal on the triple-axis spectrometer IN8 at the Institut Laue-Langevin. A fixed final energy of 14.7 meV was obtained using a graphite analyser and higher-order contamination was suppressed with a graphite filter after the sample. Energy scans were performed by varying the energy selected by a PG(002) analyser/monochromator, and source-monochromator, monochromator-sample, sample-analyser, analyser-detector collimation 30', 20', 30', 30' gave an instrumental energy resolution of full-width at half-maximum ∼1.45 meV for the dispersion at E ∼ 8 meV and Q ∼ (1.01,1.01,1).
Theory. The phonon calculations used DFT in the plane-wave pseudopotential approach as implemented in the CASTEP code 25 and the spin-polarized Perdew-Burke-Ernzerhof generalized gradient approximation to exchange and correlation 27 . Vanderbilt-type ultrasoft pseudopotentials 28 were generated within
